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−ỹ/λ

〈V〉 =
〈cv〉
〈c〉

R ≡ 〈V〉
〈v〉

Tyler Shendruk Gary Slater Ideal Retention Theory for µFFF



Introduction
Normal Mode

Steric Mode
HC Mode

Faxén’s Mode
Verification

Schematic
Equation
Examples

Normal Mode

�� �� �� �� �� �� �� �� �� ��

@@ @@ @@ @@ @@ @@ @@ @@ @@ @@
6

?

w

r r rr rrr rr -
〈V〉 q q qq qqq qq q
qqq q -
〈V〉?

Field Force f

6
Diffusion-

-

-

-

-

- Flow Profile 〈v〉

Tyler Shendruk Gary Slater Ideal Retention Theory for µFFF



Introduction
Normal Mode

Steric Mode
HC Mode

Faxén’s Mode
Verification

Schematic
Equation
Examples

Normal Mode

Ideal Retention Ratio

When we have point particles in a channel of height w feeling a
force f then we can define a retention parameter λ = kBT/fw and
retention ratio

R =
t0

tR
=
〈V〉
〈v〉

=
〈cv〉
〈c〉 〈v〉

= 6λ

[
coth

(
1

2λ

)
− 2λ

]
= 6λL

(
1

2λ

)
i.e. constant for given force and apparatus. L (x) = coth (x)− 1/x
is the Langevin function
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Retention Ratio

The new boundaries on the integrals give

R =
〈cv〉
〈c〉 〈v〉

= 6λ (1− 2r̃)L
(

1− 2r̃

2λ

)
+ Fp

where
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Retention Ratio

The new boundaries on the integrals give

R =
〈cv〉
〈c〉 〈v〉

= 6λ (1− 2r̃)L
(

1− 2r̃

2λ

)
+ Fp

where Fp (r ,w) = 6r̃ (1− r̃).
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Steric Mode

Even if the force is held constant for all particles sizes there is still
separation because steric effects move larger particles closer to the
centre than smaller particles.
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Scaling

Before

Had variation of R as function of r̃ for fixed λ i.e. fixed force f .

Closer to Reality

Force will change with particle size. For instance, in sedimentation
the weight goes as the volume of the particle or λ ∝ r−3. To be
general, let force scale as α such that the retention parameter is

λ =
kBT

µw
r̃−α = Λr̃−α

where µ is the “strength”/coefficient of the force.
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Scaling

FFF-Method f α Λ

Sedimentation 4π
3 g∆ρr3 3 3

4π
kBT

g∆ρw4

Flow 6πηwV̇c
V0

r 1 kBT
6πηw3

V0

V̇c

Thermal 6πηDT ∆T
w r 1 kBT

6πwηDT ∆T

Magnetic ∆µH
6

dH
dy r

3 3 6kBT
w4∆µH

(
dH
dy

)−1

Electrical 6πηµeEr 1 kBT
6πηµeEw
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Retention Ratio as an Explicit Function of Size

R (r̃ ,Λ) =
6Λ

r̃α
[1− 2r̃ ]L

(
[1− 2r̃ ] r̃α

2Λ

)
+ Fp (r̃)
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〈 ỹ〉 =
r̃

Figure: Fixed λ (equivalent to α = 0).

0.0 0.1 0.2 0.3 0.4 0.5

r̃
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

R

6r̃(1
−r̃) +

(1−2r̃)
2

6r̃
(1−

r̃) Λ

∞
0.05

0.02

0.01

0.005

0.002

0.001

0.0005

0.0002

0.0 0.1 0.2 0.3 0.4 0.5
0.0

0.1

0.2

0.3

0.4

〈 ỹ〉
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Nonmonotonic

Moral of the Story:

Non-monotonic is bad

One elution time,
two particle sizes.

But why is it
nonmonotonic?
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Figure: Λc = 1.90× 10−2 for α = 1.
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Elution Order

Statements:
Recall R = 〈V〉 / 〈v〉 = t0/tR

normal-mode smaller particles elute before larger particles because the force increases with size.

steric-mode larger particles elute before smaller particles because the exclusion region increase with size.
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Figure: Normal α = 1, 2, 3
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Normal-Steric Transition

Order

Normal Mode when R ′ < 0 smaller particles elute before larger.

Steric Mode when R ′ > 0 larger particles elute earlier than smaller.
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Figure: Trace the minimum of the retention ratio.
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〈 ỹ〉 =
r̃

Figure: α = 2 illustrates the HC mode better.

Tyler Shendruk Gary Slater Ideal Retention Theory for µFFF



Introduction
Normal Mode

Steric Mode
HC Mode

Faxén’s Mode
Verification

Mode-Space

Normal-mode
operation enclosed by
steric-mode. For
α = 3, normal-mode
can extend as far as
18% the channel
height.

Tyler Shendruk Gary Slater Ideal Retention Theory for µFFF



Introduction
Normal Mode

Steric Mode
HC Mode

Faxén’s Mode
Verification

Mode-Space

Normal-mode
operation enclosed by
steric-mode. For
α = 3, normal-mode
can extend as far as
18% the channel
height.

Tyler Shendruk Gary Slater Ideal Retention Theory for µFFF



Introduction
Normal Mode

Steric Mode
HC Mode

Faxén’s Mode
Verification

Mode-Space

Normal-mode
operation enclosed by
steric-mode. For
α = 3, normal-mode
can extend as far as
18% the channel
height.

Tyler Shendruk Gary Slater Ideal Retention Theory for µFFF



Introduction
Normal Mode

Steric Mode
HC Mode

Faxén’s Mode
Verification

Mode-Space

Normal-mode
operation enclosed by
steric-mode. For
α = 3, normal-mode
can extend as far as
18% the channel
height.

Tyler Shendruk Gary Slater Ideal Retention Theory for µFFF



Introduction
Normal Mode

Steric Mode
HC Mode

Faxén’s Mode
Verification

Mode-Space

Normal-mode
operation enclosed by
steric-mode. For
α = 3, normal-mode
can extend as far as
18% the channel
height.

Tyler Shendruk Gary Slater Ideal Retention Theory for µFFF



Introduction
Normal Mode

Steric Mode
HC Mode

Faxén’s Mode
Verification

Schematic
Integral
Comparision
Phase Diagrams

Stress over Surface Area

�� �� �� �� �� �� �� �� ��

@@ @@ @@ @@ @@ @@ @@ @@ @@
6

?

w

&%
'$

��
��

-

-

-

-

-

-

Flow Profile

Figure: Schematic of surface area integration of stress on particle.

Tyler Shendruk Gary Slater Ideal Retention Theory for µFFF



Introduction
Normal Mode

Steric Mode
HC Mode

Faxén’s Mode
Verification

Schematic
Integral
Comparision
Phase Diagrams

Finite-Size Effects

R =
〈V〉
〈v〉

=
〈cV〉
〈c〉 〈v〉

=
1

〈v〉

∫ w
0 c(y)V(y)dy∫ w

0 c(y)dy

but
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Quadratic Approximations of Transition
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Conclusion

By explicitly including particle size (λ ≡ Λr̃−α), get

Normal-mode FFF
Steric-mode FFF
HC-mode FFF

By using Faxén’s Law, discover a new operational regime

Faxén’s-mode

Limits on ideal retention theory for µFFF

To be experimentally verified
Neglects HI with walls

No hyperlayer-mode FFF

No perturbation to the flow field by the particle
Dilute sample limit
No wall friction
Utilizes Faxén’s Law
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Expansions

Retention Ratio

R =
6Λ

r̃α
[1− 2r̃ ]L

(
[1− 2r̃ ] r̃α

2Λ

)
+ Ff

=
6Λ

r̃α
[1− 2r̃ ]

[
coth

(
[1− 2r̃ ] r̃α

2Λ

)
−

[1− 2r̃ ] r̃α

2Λ

]
+ 6r̃

(
1−

4

3
r̃

)

Expansions

coth (x) ≈
1

x
+

x

3
−

x3

45
+ . . .

coth (x) =
e2x + 1

e2x − 1
≈
(

1 + e2x
) (

1 + e−2x + e−4x
. . .
)

≈ 1

Tyler Shendruk Gary Slater Ideal Retention Theory for µFFF



Introduction
Normal Mode

Steric Mode
HC Mode

Faxén’s Mode
Verification

Real Units
Microparticles
Microchannel
Microscopy
Approximations
Conclusion

Retention Ratio Derivative

∂R

∂ r̃
=

(
−

6αΛ

r̃α+1

){
coth

(
[1− 2r̃ ]

r̃α

2Λ

)
(1− 2r̃)−

2Λ

r̃α
+

(
1−

4

3
r̃

)
r̃α+1

Λ

}

+

[{
1− coth2

(
[1− 2r̃ ]

r̃α

2Λ

)}(
[1− 2r̃ ]

αr̃α

2Λr̃
−

r̃α

Λ

)
[1− 2r̃ ]

− 2 coth

(
[1− 2r̃ ]

r̃α

2Λ

)
+

2αΛ

r̃α+1
+ [1 + α]

(
1−

4

3
r̃

)
r̃α

Λ
−

4

3

r̃α+1

Λ

]
6Λ

r̃α
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Approximations of Derivative

Λ� 1

∂R

∂ r̃
≈ 6

[
a + bΛ + cΛ2

]

a ≡ 1−
8

3
r̃, b ≡

2αr̃ − 2r̃ − α
r̃α+1

, c ≡
4α

r̃2α+1
,

r̃ � 1

∂R

∂ r̃
= A +

B

Λ2
+O

(
r̃2α+2

)
A ≡ 2− 8r̃,

B ≡
1

5

[
−
α

6
r̃2α−1 +

2 (2α + 1)

3
r̃2α − 4 (α + 1) r̃2α+1

]
.
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Concentrations

Normal

〈ỹ〉 = λ+
1

1− e1/λ

Steric

〈ỹ〉 = λ+
1

1− e(1−2r̃)/λ
+ r̃ coth

(
1− 2r̃

2λ

)
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Plate Height and Resolution

H =
Deff

R 〈v〉

=
Dmol

R 〈v〉

[
1 + χ

R

2

(
〈v〉w
Dmol

)2
]

χ ∝ Λ3r3α

Dmol ∝ r

RS =
1

2 (H1 + H2)

(
1

〈V2〉
− 1

〈V1〉

)
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