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1 Marion and Thornton Chapter 12

Coupled Oscillations

1.1 Problem 12.16
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Figure 1: Hoop hanging from a fixed point with a particle confined to move
along it’s edge.

As shown in Fig.[I] consider a hoop of mass M that can swing on a fixed pivot
point. Let there be a point particle free to move along the hoop in a frictionless
manner. What are the eigenfrequencies, assuming only small oscillations?

Our purpose is to write the energies as

1 ..
T= 3 ijkqjqk (1)
7,k
1
U= 3 Z};Aijij' (2)
J

After we have done so the equations of motion are simply
Z (Ajk — WQmjk) a; = 0 (3)
J

which must satisfy



Then for our specific case, let’s realize that the centre of the hoop’s coordi-
nates are

zp(0) = Rsind

yn(0) = —Rcosb
ip(0) = R cos
Un(0) = ROsinb

relative to the pivot point and the particle’s coordinates are

zp(0,¢) =z, + Rsin (6 + ¢)

= R[sinf + sin (0 + ¢)]
yp(0,0) = yn — Reos (6 + ¢)

= —Rcos B + cos (0 + ¢)]

ip(0,0) = i+ R (8+6) cos 6.+ 9)
:R(écosa+(é+¢)cos 9+¢>)
in(0,9) = in + R (0+ ) sin (0 + )
=R (6sin0+ (0+0)sin(0+9))

Then the potential energy of the hoop and the mass (assuming cosf =
1—62/24...)is

U' = Mgyy + Mgy, = —MgR [2cos + cos (0 + ¢)]

2(1—922+...>+<1—<9+2¢)2+...)

6* +29¢+¢>2}

= MgR

zMgR[S—HQ— 5

MgR
= = [6-36% — 20 — 7]
~ MgR

U= é" 362 + 200 + 6]
where we dumped the 3mgR because constant values in potentials are mean-

ingless. If we define ¢ = [, ¢] then we can rewrite the potential energy in the
beautiful form of Eq.

U= liig (5)

where A is the important tensor we were searching for:

A= MgR G’ 1) : (6)




Now on to the kinetic energy. Again expand trigonometric functions to first

order to get
Iem +1 M ,
T:Th—s—T—CTOH 7( +97)

= MR292 + MR2€2 + [ 9cos€+ <9+¢) cos(0+¢)>2 + (qi;sin¢+ (9'+Q5) Sin(9+¢))1

e o5 o2
<¢(¢—¢3>+(9+<&) <9+¢— (92@3)) ] .

Since oscillations are small we only keep terms to second order in the velocities
(as we did for position) which leads to
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—MR2 29+¢>) (¢¢+99+9¢+¢39+¢¢)2]}
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MR2 {2 4462 4 460+ §° }

MR2

{66 + 1466 + 5}
which, just hke U, we also want to rewrite in a tensor form like Eq. as

qd=1[9,¢] and (j': [9,(;5} in

q'mq (7)

where

m = MR? <g ?) : (8)
We are now poised to find the eigenvalues through Eq.
= ‘fl — wzﬁl’

3MgR — 6MR%>w?> MgR — 2M R%w?

MgR - 2MR*w? MgR — MR?*w?
3g — 6Rw? g — 2Rw?
g—2Rw? g— Ruw?
= MR [(3g — 6Rw?) (¢ — Rw?®) — (9 — 2Rw?) (9 — 2Rw?)]
= MR [3¢° — 3gRw” — 6gRw* 4+ 6R*w" — ¢° + 4gRw” — 4R*w"|
=MR [292 — 5gRw? + 2R2w4]

MR




Therefore, we know the eigenfrequencies are
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These eigenvalues correspond to eigenvectors from Eq. . In general,

0= {Af&m} @

1 9 5 (6
1)—w MR (2

~[on ¢
MR(

Consider first w? = 2¢g/R which reduces Eq. to
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Next consider w3 = g/2R for which Eq. gives
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as

_ (é) . (12)

The solutions ¢ are linear combination of these roots. The coordinates and
the eigenvectors are always connected through the normal coordinates 77 by

C]j(t) = Zajrnr<t) (13)

which means for us that

(5) = Zaen

0=ai1m +ax1m2
¢ = ay2n + az21n2.

In order for the oscillations to occur at the first eigenfrequency w; we require
the 72 contribution to be zero i.e. 172 = 0 which gives inital conditions:

0=a11m=m (14a)
(,ZS = (l172771 = 737]1 = 730 (14b)

Likewise, to obtain the second eigenfrequency set 1; = 0 to get

0 =ag1m=m#0 (15a)
(ZS = az2M2 = 0 x T2 = 0. (15b)

This is an interesting situation. It corresponds to the hoop swinging and the
mass staying at the same spot on the hoop! Return to Fig.[I] to see this. Cool,
eh?

1.2 Problem 12.16 Other option

y

5

Figure 2: Hoop hanging from a fixed point with a particle confined to move
along it’s edge.

=

We repeat the other calculation for a new definition of the bottom angle .



The hoop’s coordinates are unchanged

zp(0) = Rsind

n(0) = —Rcosf
@p(0) = Rf cosb
Un(0) = ROsinb

and the particle’s coordinates are
2p(0,9) =z, + Rsin
= R[sin 0 + sin ¢
Yp(0,¥) = yn — Rcos
= —R[cos 8 + cos ]
ip(0,1) = i + Ripcostp
=R (écosﬁ + 1/')cosw)
9 (0,%) = g, + Rijsing)
=R (ésinﬂ + z/}sinw) .
So then the potential energy is
U' = Mgyy, + Mgy, = —MgRcos — MgR [cos 6 + cos )]
= —MgR[2cos + cos ]
2 Y?
~—MgR { —0°+1- }

_ MQR 2
= (6 —20% — 2]
MgR

U=
2

[26° + %] .

Therefore,

A= MgR (g (1)) . (16)

Likewise, the kinetic energy is
I, M . .
o141, =20 a2 )
. M . . 2 R . 2
— MR + = [32 (ecos9+¢cos¢) + R <Gsin0+1/1sinz/)> }

~ MR%0? +

M2R2 {(éJrz/})Q + (0+0)2}
_ M R?

{392 + 200 + 1/}2} .

Therefore,

m = MR? G’ D . (17)




Using A and 1 we can find the eigenfrequencies to be

0= ’A—oﬂm‘

_ 2 0 9 2 (3 1
a3 ) ;)
B 29 —3Rw? —Ruw?

= MR ‘ ( —Ruw? g— Ruﬂ)
= (2g — 3Rw2) (g — sz) — R%W*

=29 — 3gRw? — 2gRw? + 3R*w* — R?w*
=29 — 5gRw? + 2R%w*.

So then

2 _ bR+ V2592 R2 — 4 x 2g2 x 2R?
4R?
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So the eigenvectors

_ 2 0\ o 2 (3 1\| -
0—{MgR(O 1) w'MR (1 1)] a

_ 29 —3w?R  —w?R -
= MR ( —w?R g— wQR) .

For w? = 2g/R this leads to

2g — bg 29) "
0= MR .d
( -29 g-2) '

(402
2 1) "
=4ai1 +2a12 +2a11 + a2

=2a1,1 + a2

iy o (_12) (19)

and for w? = g/2R we have
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2(21 12)'552
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s o G) (20)

That means that we can get normal modes when the initial ¢ = 6 and when
the initial ¢ = —6/2.




	Marion and Thornton Chapter 12
	Problem 12.16
	Problem 12.16 Other option


