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1 Marion and Thornton Chapter 7

Hamilton’s Principle - Lagrangian and Hamiltonian dynamics.

1.1 Problem 7.9

Y
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Figure 1: A disk rolling down an incline plane. From the axis of the disk hangs
a simple pendulum.

Consider a disk of mass M and radius R that’s rolling down a plane of angle
« as shown in Fig.[l]. From the axis of this disk is a simple pendulum of length
¢ < R with a bob of mass m. Consider the motion of the pendulum.
We’ll do this in z, 6 coordinates as shown in Fig. [l|. The Cartesian coordi-
nates in therms of z and 6 are
Ldisk = 2 COS ¥
Ydisk = —zsina
Tdisk = 2 COS (¢
Ydisk = —Z sin a.
The Cartesian coordinates of the bob are just that of a simple pendulum but in
the regerence frame of the disk i.e.
Thob = Tdisk + £sinf = zcosa + £sinf
Ybob = Ydisk — £ cosf = —zsina — £ cos 6

3 cosa + 00 cos

Thob

—Zsina + (0 sin 6
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Also notice that the rotation angle ¢ of the disk is simply proportional to the
distance travelled i.e.

z
°= R
If we take the moment of inertia about the centre of the disk to be
MR?
)

then the energy and Lagrangian are then given to be
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U = Ugisk + Upob = M gyaisk + mgyvob
= —gz (M + m)sina — mgl cos 0 (1a)
T = Tyob + Tkin,disk + Trot,disk

= @ [j"Qbob + ytz)ob] + 2
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m {(z’cosa—i—éécos&)Z + (—Zsina—&—éésinG)Q}
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M 1MR? [ 2\?
+ 5 (22 cos? a + 32 sin? a) + 3 3 (;)

1 .
(23 + Vaisk) + 51 ¢’
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(M +m)+ %8292 + mz0¢ (cos acos  — sin asin ) +

RESIRE

B (gM " m) + %EQ@Q + mz0f cos (o + ) (1b)

N oo

L=T-U

.2 . .
= % (gM + m) + %6292 + mz60£cos (o + )

+ gz (M + m) sina + mgl cos 6 (1c)

Notice, since it’s come up multiple times the kinetic energy of the disk and the
bob are

. M .
Taisk = Tiin,disk + Trot,disk = 722 + ZZQ
3
m .. )
Tiror, = 9 [x%ob + yl?)ob]
- % [22 + 0202 4 2300 (cos accos @ — sin asin 0)}
m

=5 [2’2 + 0262 + 2200 cos (o + 9)}

Lagrange Equation for z

o doc
0z dt 02

. . d|.(3 .
—Mgsmaergsmadt{z<2M+m)+m9€cos(a+9)]

=(M+m)gsina — {z <2M+m) + ml cos (o + 6) —mﬁézsin(a+9)]



Z (3M—l—m> + mlf cos (a4 0) — ml6? sin (o + ) — (M +m) gsina =0

(2)

Lagrange Equation for 6
Lot dot
00 dt 9o
= —mz0lsin (o + 0) — mglsinh — % [mﬂzé + mzlcos (a + 9)]

= —mz0lsin (o + 0) — mglsinh — [mEQé + mzlcos (a4 0) — mzl0sin (o + 6)

06 + % cos (a+ ) + gsinh = 0 (3)

1.2 Problem 7.34
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Figure 2: A particle sliding down a smooth circular wedge.

Consider a particle of mass m sliding down a smooth circular wedge of mass
M. The particle (denoted by subscript m) slides - not rolls. The wedge (denoted
by subscript M) slides on a smooth horizontal surface.

Of course, you can always chose whatever coordinates you want but some
are more judicious than others. We will use X, r,  from Fig.[2D]. We can related
these “unconstrained” coordinates to the (perhaps more intuitive) cartesian co-
ordinates of Fig. [24] .

Wedge:
Ty — X
ym =0
Particle:

Ty, = X +1rcosb

Ym = —Tsinf



i =X +7cos® —rfsind

Um = —fsinf — rf cos O

Now this is really great because we can set up the energy in cartesian and then
talk about the unconstrained coordinates after their set up i.e.

U =mgym
= —mgrsiné (4a)
1. 1 . .
T = iMx?w +5m (22, + 92
—_——
wedge particle

1 . 1 . . . .
= §MX2 + im [XQ +2X7cosh — 2Xr0sin @ + 72 cos? § — 2770 cos fsin 0
+7202sin% 0 + 72 sin2 0 + 2716 sin O cos O + 1262 cos? 6}

_1 (M +m) X2+ %m [#% (cos® 0 + sin® 0)

2
+726? (cos2 6 + sin? 9) + 2X7 cos @ — 2X Or sin 0}
:%(M+m)X2+%m {7;2—%7“29'2+2Xr'cos€—2X9'rsin9} (4b)
L=T-U

1 L, 1 o .
= 5 (M +m) X2+ om {79 7202 1+ 2X7 cos O — 2Xfr sin@}
+ mgrsin 0 4c

g

Now we can get the Lagrange equations for each of the two or three variables.

When we recognize that r = R right off the bat then there is no need for a
Lagrange multiplier A and so we can completely solve the problem by the two
Lagrange equations for § and X.

However, if we leave r as a variable and consider a third Lagrange equation
then we require a A that connects them. By doing this we will learn about the
physical process that ensures r = R.

Since r = R is what we wish to ensure by including A, the function f is

f(X,0,r)=r-R=0| (5)
Notice,

of _ 9F _, 9 _

ox " =" !

Lagrange Equation for X
oL d oL A\ of _

ox diox ax
oL d oL



Lagrange Equation for 6
oL doL )\g _

0 dtog og "
oL doc
0X dtox

Lagrange Equation for r
oL doL \of

or dt or or

o aor T

(6¢)

We see that the equations for X and 6 are no different than if we hadn’t used
the multiplier but we have the extra equation for r which will give us the force
of constraint that ensures r = R i.e. the force of the wedge and the particle on

each other.

So now let’s find the equations of motion from Eq. and Eq. (later

we’ll find the force of constraint from Eq. ).
Lagrange Equation for X

oL d oL

0=ax @ax

d .1 .
=0—— [(M+m)X+2m (O+O+27’"0050720rsin9) +0}

dt

= (M +m)X +m |icosf —70sinf — frsin — 7 sin 0 — r6? cos 6
(

=(M+m)X+m [fcos@ — 2/0sinf — r (ésineqt 6? cosﬁ)] .
Applying the constraint » = R gives ¥ = 0 = 7 so that we can see

0= (M+m)X —mR (ésin9+92cosﬁ)

m
M+m

X:

R (ésinH + 62 cos 9)

Lagrange Equation for 6
oL doc

)

1 . ..
=0+ 3m [O+O—2X¢sin0—2X€rcos€} + mgr cos 6

_4
dt

= —X7sinf — X0rcos0 + grcos — % [7‘29 —X?“Sil’le}

= —X7sinf — X6rcos 0 + grcos

— 2770 — r20 + Xrsin0 + X7 sinf — Xrf cos 0
=7 —Xsin@—?r@—i—Xsin@} +r {gcos&—ré—i—)?sin@} .

1 . )
[O—&- m (0+2r29+0— 2erin9) +0}



Again r is constant so this reduces to

0=0+4 R|gcosf — RI+ X sin6
RO = X sinf + gcosb

X sinf + gcos®

j— 20 tgcont )

i.e. X and 0 are given by two second order coupled ODEs.

Since we kept r as a variable in Eq. we are already in the perfect
position to find the Lagrange multiplier A from Eq. .

_oc_adoc

Or  dtOr

=0+ %m [0+2r92+0—2X9.sin9} + mgsin 6
d

-= [0+ 1m<27*+0+2Xc056’—0> +0} +A
= ré? fXG.sinf)ngsinOf (erXcos@fXésinﬂ) + —

A . ..
Z = 0% — gsinf + 7+ X cosf
m

Now using that r = R and 7 = 0 = 7 we can say

A=-—-m (7‘92 + gsinf — XCOS@) (9)
:FT

where we have explicitly put a minus sign in to remind us that this constraining
force, normal to the circular surface is centripetal and has a direction inward.

We can use our solutions for § and X to get F, in terms of 6 and 6 only by
solving Eq. and Eq. for X.

R(9s1n9+9 cos@)
( 51n29+gCOSHSin9+R92cosﬁ)
oo m . _ 9
X M m mem 0= (gc05951n9+R9 0089)
. . m _ 2
X (1 M m (1 cos 9 ) (gcos@sm@—i—RH cos@)

m ) -
cos 9) Mm (gcos@sm@—i—R@ cos@)

X (M+m00529) = m(gcos@sin@—i—Ré2 COSH)

gcos@sinf + RO? cos b

X =
m M +mcos? 0

(10)




With X (0, 6) we can give F, to be

F.=—-m (Ré’2 + gsinf —Xcos@)

_ : 2 12 02
e <R02+gsin0_mgsmﬁcos 0 4+ RY” cos 9)

M +mecos20

e (MR92 + Mgsin @ + Rm#2 cos? 0 + gm sin 6§ cos? 0

M + mcos? 0
gsinfcos? 6 + RO? cos? 0
-m
M +mcos? 0
m

=————— (MR#® + Mgsi
M—mcos29( RO + gbln@)

mM (30'2 + gsin 9)

M — mcos20

F, =




	Marion and Thornton Chapter 7
	Problem 7.9
	Problem 7.34


